MULTICOMPONENT BEAM-PLASMA WAVES

a general dispersion relation. Worthwhile to inves-
tigate it as it was, we felt it however not feasable
without additional physical approximations or im-
possibly difficult mathematical recursion procedures
to give more explicit formulas in the most general
case.

For the principal waves however, propagating
along or across the external magnetic induction,
some short formulas were found. A discussion of
these results compared with existing work in the
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field showed the inclusion of many known formulas
as special cases of our relations. The present form
of these relations makes them easily suitable for
various other physical approximations, which can
be as varied as the existing literature on plasma
waves. This, however, is beyond the scope of this
article.

At the end of this paper, Professor dr. R. MERTENS and
my colleague A. BROUCKE should be thanked for their
interest and helpful discussions.
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The linearization procedure is applied to the equations governing a beam-plasma system, in
which the stream velocities and the wavevector are parallel to the external magnetic induction.
No special constraints are imposed on the parameters characterizing the constituent fluids in the
equilibrium state of this macroscopic picture. From the MAXWELL equations an expression for
the electromagnetic field of the wave is obtained and substituted in the equations of motion. The
components of the first-order pressure tensors are computed in the low-temperature approxima-
tion, but without recurring to the strong magnetic induction CGL hypothesis. Since the equations
of motion are now expressed only in the components of the perturbations of the drift velocities,
the dispersion relations follow immediately. These relations are applicable to all beam-plasma
systems comprised between the now conventional multicomponent plasma and the system of
beams of charged particles. Some known cold beam-plasma cases are included in the general

dispersion equations.

1. Introduction

In our investigation of multicomponent beam-
plasma waves, we will adhere as closely as possible
to the treatment of waves in multicomponent Vva-
sov plasmas without zero-order drift velocities!
(henceforth referred to as I). We will in particular
make use of the same notations and formulas of I
if possible, and refer to them as to (I...).

The set of basic equations (I.2.6—8) will be lin-
earized here in a similar fashion as in I, with the
help however of the following additional hypotheses.

(1) In our macroscopic picture of the plasma a
zero-order drift velocity is introduced for every con-
stituent fluid. We now must designate by , com-
ponent of the beam-plasma system’’ the collection
of all particles which have the same values for the
complete set of characterizing zero-order para-
meters, such as charge, mass, density, equilibrium
drift velocity and equilibrium pressure. Electrons
with different beam velocities hence belong to dif-

1 F. G. VERHEEST, Z. Naturforschg. 22a, 1927 [1967].

ferent components of the system. Furthermore, at
any stage of the analysis some of these finite drift
velocities can be put equal to zero to describe the
pure plasma part of the system. The results thus
will be applicable to streaming multicomponent
plasmas, beams of charged particles and every other
combination of these plasmas and beams.

(2) The most striking features of the introduction
of finite drift velocities are noted in the direction of
the external magnetic induction, if present, and of
the wavevector. We therefore restrict ourselves in
this study to wave propagation parallel to the ex-
ternal magnetic induction. For mathematical sim-
plicity we direct the finite drift velocities along the

now privileged z-axis:
Va=Vass, B= Bz,

E=kz (L1)

(3) A scalar equilibrium pressure is adopted to
avoid too intricate formulas, changing (I1.3.2) into

for every a=1,...,N. Our treatment, however, still
caters for anisotropic pressure variations. As we do
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not use the CHEW-GOLDBERGER-Low approxima-
tion2 for the pressure tensors, our results are valid
for unmagnetized beam-plasma systems as well as
for magnetized ones.

(4) The system in the equilibrium state must,
taken as a whole, be electrically neutral and at rest.
These requirements, which are necessary for the
linearization procedure, are expressed as

ZN@QaZO, ZNaanazo.
a a

2. Linearization

The linearized forms of the basic equations
(I.2.6—8) are written, keeping in mind the supple-
mentary conditions (1.1) and (1.2):

equations of continuity:

wng=k(Ngv§+ nqVa), (2.1)
equations of motion:
3
—k _ = .
W Vg Vd Vg 0a ]gl p3] uj (2.2)

_i,q{‘,,(e+3%x;+ Vazx b) =0,
Ma

pressure tensor equations:

wpa—kvgpal —ICVa Pa

3 3

—kPa> > (d350f + Ozt myuy
i=1 i=1
s 3

+ Q4D (e53m Piyy + €13m Ply;) uylay = 0.
i=11 =1

2.3)

[

M

1 m

I

Most of the notations used here are conventional
and are defined explicitly in I. Newly introduced
here are u; and u; to represent respectively unit
vectors along the jth and Ith axes (j, [=1,2,3
with a3 = z); d;; is the KRONECKER delta and &,
stands for the complete antisymmetric LEevi-
C1vITA unit tensor symbol.

(2.1) can be rewritten as

ng = (k Na/ow @q) v§
if pa=1—kVsow.

(2.4)
2.5)

3. Electromagnetic Field
From the MAXWELL equations we obtained in
(I.4.2) an expression for the electric field of the

2 G. F. CugEw, M. L. GoLDBERGER. and F. E. Low, Proc.
Roy. Soc. A 236, 112 [1956].
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small amplitude plane waves

. k2j3 .ol
e==1— z—1 ~ ]
2] o

(3.1)

where o is given by (I.4.1). In the present analysis j
must be replaced by

J=2a(Novp+ np Vp3)
b
which is equivalent with
fre=2 opth,,
b

. g
ja=2 v}
b Pb

due to (2.4) and (I.4.4). With the help of (1.4.3),
(3.1) yields explicitly

o, __ io I b

me 2T T 02— k% g %U" viz: (32)
Ga i Hg Jb 4

—e3 = — — — 3.3
Mg ® Oq bz oy ° (33)

In an analogous way we learn from (I.4.6) that the
magnetic induction associated with the waves is

b= _"i”':'k““f
Hence we find that
7% by };{z’i’k’cz k2 Zf % op vy, (3.4)
3:; be=— 5 _ikcé’kz Za %m)v’;, (3.5)
’ZLL bs=0 (3.6)

The expressions (3.2—5) will be substituted in the
equations of motion, once the components of the
first-order pressure tensors are found. The com-
putation of these components will be done in the
following section.

4. Pressure Tensors

The sets of scalar equations equivalent with the

tensorial equation (2.3) are
w@aply —kPavy —2iQ.p}=0,

©@apls —kPavy +2iQap7, =0,

© @apis — 3k Py v} =0,
O Qa P, +iQ4(p}; — P22) =0,
®@a Pl —kPavy —iQqp3s =0,
0 Qaply —kPgr? +1iQapfs =0.



MULTICOMPONENT BEAM-PLASMA WAVES

Solving these sets for the components of the
first-order pressure tensors yields

a __ a4 __ kP‘{va (4.1)
Pu“l’zz—w(pa 3> ,
pi, =350 0 (42)

33 © @a :
ple=p% =0, (4.3)

kP, .
P‘13=P‘§1=m(w%v'{+zﬂav§),
(4.4)
kP s
P33 = Pgo = w? g2 _a Q2 (0 @avy — 1 2q07).

(4.5)

5. Equations of Motion

The set of vectorial equations (2.2) is replaced by
the equivalent set of scalar equations

kw q
a a i a
02@at] — —— P — 1w "
a Mg
. @ ; 9a
— w2, +FiwVe—by=0,
2 Ma
kw q
2 a__ ¢ s 1%
W= Qqa Vs P3gp — 1@ ()
¢ Qa Mmq
. & ¥ 9a
+ 1wl —itwVy—b; =0,
Mgq
w2 g v i 3 tw L e3=0
a3 — —— = ——e3=0.
3 0a D3 Mg

The substitution of (3.2—5) and of (4.1—5) into
these equations transformes them into
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Cap = (@2 g2 — 3c2k274) % 8gp — [I2 22 (5.5)
Q’a ¢ ’
c2k2t,
Fop = 0 024040ap (1 + P (P‘zl _ .(Té) (5.6)

with the ratio 7.? of the thermal velocities to the
velocity of light given by

Ta = Pac? 04 (5.7)
We introduce the N X N matrices
A=(4w), C=(Cw), F=(Faw) (58
and three column matrices with N elements
W; =) (j=123) (5.9)

which allow us to recast the set (5.1—3) into
A-W;,—iF-W;=0,
itF-Wi+ A-W;=0,
C-W3=0.

The first two of these equations can be melted into
one matricial equation
M-W.=0
with
A —F W,
= 1 —
wle ) =)

For a beam-plasma system with N constituent
parts, M is a square matrix of rank 2NV and C one
of rank N.

6. Dispersion Relations

If we require at least one set of nonvanishing
components for the first-order drift velocities, we

D (Aap} — i Faprd) =0, (6.1) must either put det M or det C equal to zero. In
b ) . . the former case, which is equivalent with

%:(zFabvl-{-Aab%):O, (5.2) det(A - F) = 0 6.1)
Z Capvy =0 (5.3)  as was shown in (I.8.3), we find the dispersion re-
. R lations for the transverse waves, whereas the lon-

if a2 gitudinal waves are given by the latter case:

c2k2t,
Aap = ©%@a0adap (1 == —60—2%2;1—-@2) detC=0. (6.2)
_ o? <Pa1? - (5.4) The discussion of (6.1) requires the computation of
w? — k2 Ot Agp + Fop from (5.4) and (5.6):
c2k21, © @a 112

AabiFab:(W(Pa:i:-Qu'—'

a_ T fa
w‘Pa:}:-Qa) Oq Oab wz_czkza)db.

(6.3)



1938

MULTICOMPONENT BEAM-PLASMA WAVES

A comparison between the explicit forms of the elements of det (A 4+ F) and of det C, as given
respectively by (6.3) and (5.5) learns us that both have a similar structure. Hence when set equal to
zero, we can use for these determinants the development from (1.7.3) to (1.7.5).

For the transverse waves we have to put

Xo—wpet o BTopet Q). Ye—oglei-ok),  Zi= oo
B © @aIT%[(? — c2 k2)
bo get that L= % ©@Qa+ 24 — c2k214/(0 Pa + La)
or explicitly
R2=1-—3— w—kVq .E_?, i IZ’;),
T 00— kVq+ Q4 —c2k21g/(w —kVqa+ Q0) w? T oo+ Qy—c2k21y/ (0 -+ 2p))

if R=ck|w (6.5)

is to be thought of as a refractive index of the
beam-plasma system with respect to the vacuum.
In (6.4) the summation over a is carried out for all
components of our beam-plasma system which have
nonzero drift velocities in the equilibrium state,
the beam components, whereas the summation over
b is for components at rest in the steady state, the
proper plasma components. Hence (6.4) is applicable
to any beam-plasma system.

The dispersion relation for the longitudinal waves
is also obtained from (I.7.5) with

Xo= w22 —3c2k21,4,
Ya :Hz,
Zg = Ua/‘Pa

and hence

1= IT}/(w? s — 3c2k27,) . (6.6)
a

Due to the low-temperature condition
c2k271q € w2
the explicit expression of (6.6) is

112 c2k21,
1=2G— —kV) (”3 (w—kva))

b3 T (145 M)

where the same summation convention is adopted
as for the transverse waves. Hence (6.7) is also
likeable to exhibit the same wide range of appli-
cations as (6.4).

(6.7)

3 M. T. VLAARDINGERBROEK and K. R. U. WEIMER, Philips
Res. Repts. 18, 95 [1963].
4J. M. Dawsox, Phys. Rev. 118, 381 [1960].

(6.4)

7. Special Cases

One much studied special case is the cold beam-
plasma system. Putting every 7, and 7, equal to
zero in (6.4) and (6.7) yields respectively

o1 _ 5 _@—kVe T
B=1-2 V.10, 0t (1)
_s._ IR
b oo+ )
and (7.2)

1= Zﬂg/(w —kVa)?+ bZH%/uﬂ .

If the summation over b in (7.1) is restricted to the
familiar electron and one ion species only, we
recover the corresponding result of VLAARDINGER-
BROEK-WEIMER 3.

(7.2) On the other hand is the generalization for
multiple particle beams in the presence of a multi-
component plasma of the problem studied by
Dawson4. If we restrict ourselves in (7.2) to one
kind of particles, in particular electrons, travelling
in beams with different velocities, without any
plasma at rest, we get his formula

1= (93/5077%) ZNa/(CU —kVa)2.

In the absence of an external magnetic induction
(7.1) becomes indifferent for any change in the zero-
order drift velocities V. That formula could hence
be computed in the limit V, equal to zero, e.g.
from StIx 5.

5 T. H. Stix, The Theory of Plasma Waves, McGraw-Hill
Book Co., New York 1962.
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8. Conclusions

As an application of the low-temperature approx-
imation, we were able to find the dispersion relations
for linear waves in multicomponent beam-plasma
systems, in the case of wave propagation and beam
direction parallel to the external magnetic induction.

These formulas have a very wide range of appli-
cations, as they are not subject, to begin with, to
the CHEW-GOLDBERGER-Low hypothesis of strong
external magnetic inductions. Amongst others, their

applications include the now conventional multi-
component plasmas, charged particle beams and
every physical situation between the two extremes
cited. Some notable cold beams and plasmas results
are included as special cases, but are by no means
intended to be the only applications possible. The
applications discussed in the last sections are meant
as an illustration of the general treatment but not
as an exhaustive procedure.

We wish to thank Professor dr. R. MERTENs for his
stimulating interest in our work.
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There are many plasmas in which the populations of the various energy states of ions and
electrons assume a steady state, but complete local thermal equilibrium is prevented because,
on the one hand, radiation absorption is absent and, on the other, the electron density is too low.

Calculations for a plasma without radiation absorption show that: Where hydrogen-like ions
are involved it is nearly in order to dispense with detailed calculations and described the ioniza-
tion equilibrium with the assumption that the collisional ionization processes from the ground
state can be equated with the radiative recombination processes to the ground state. For suffi-
ciently low electron densities this leads to the Corona formula.

In the case of other ions, however, neglecting the excited states may result in serious errors.
This is because these energy states — unlike those for hydrogen-like ions, which are relatively
near the ionization limit — are distributed much more uniformly between the ground state and
ionization limit. The implications of this behaviour are discussed with reference to alkali-like
ions. A model for the term systems and the collision and radiation coefficients is used to derive
the population densities and approximative ionization formulae. According to these the ratio

of the densities of the lithium-like O VI ions and the next higher level of ions (O VII), for instance,
may differ (for electron densities ne = 5 x 1017 cm=3) from the result of the Corona formula

by a factor of 20.

Bei der spektroskopischen Plasmadiagnostik hat
man es haufig mit Plasmen zu tun, deren Elektronen-
dichten zu gering sind, um noch Anregungs- und
Tonisationsverhéltnisse zu gewéahrleisten, wie sie die
Formeln des vollstandigen thermischen Gleichge-
wichts (LTE) beschreiben. Dabei kénnen aber ihrer-
seits die Partialdichten der beobachteten Tonenart
so klein sein, daBl man von jeder Art von Photo-
absorptionsprozessen absehen kann. Das beides
trifft haufig auf sogenannte Verunreinigungs-Ionen
zu, die den Hochtemperaturplasmen, beabsichtigt

* Auszug aus der von der Fakultdt fir Maschinenwesen
und Elektrotechnik der Technischen Hochschule Miin-
chen genehmigten Dissertation iiber ,,Das unterschied-
liche Ionisationsgleichgewicht wasserstoff- und alkali-
dhnlicher Tonen in optisch diinnen Plasmen‘‘ des Dipl.-
Phys. CARSTEN MAHN.

** 8046 Garching bei Miinchen

oder nicht, zugefigt sind. In diesem Zusammenhang
wird ein derartiges Plasma gewohnlich als optisch
diinn bezuglich dieser Ionen bezeichnet.

Die vorliegenden Rechnungen befassen sich be-
sonders mit dem Fall, daB die Ionen, fiir die das
Plasma als optisch diinn zu betrachten ist, der iso-
elektronischen Sequenz des Lithiums angehoren.
Dazu zahlen u.a. CIV, NV und O VI, das sind
Ionen, die in vielen Plasmen gegenwértig sind und
auch oft zu spektroskopischen Messungen heran-
gezogen werden. Zwar umschlieft das hier vorge-
schlagene Modell alle alkalidhnlichen sowie auch die
wasserstoffihnlichen Ionen, doch wird insbesondere
das Ergebnis fiir lithinméahnliche Tonen beniitzt, um
auf einen entscheidenden Unterschied gegeniiber
den wasserstoffihnlichen hinzuweisen.



